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Introduction
This paper analyses the decision of individuals to accumulate human capital. Macroeconomic models of the labour market have a long tradition in explaining the process of human capital accumulation over the life cycle, however the general approach is based on the ad-hoc assumption of a human capital production function 1 . In addition, this approach fails to acknowledge the fact that schooling decisions are largely irreversible. This property is confirmed on the empirical level as individual fixed components such as ability and formal education explain about 60% of the variation in wages compared to only 10% contribution of the time-varying components such as experience and tenure 2 . At the same time recent microeconomic models account for uncertainty and irreversibility of the individual schooling decision, however these models consider a single agent in the isolation from the labour market 3 . This paper attempts to fill the gap and investigates a frictional labour market with heterogeneous match-specific productivity draws, job-to-job transitions and the endogenous individual decision to stop schooling which gives rise to the equilibrium heterogeneity of workers with respect to the formal education.
From a theoretical perspective this paper follows an option approach and considers the choice between education and work as an optimal stopping problem. Entering the labour market is associated with a positive present value of wages and is an irreversible decision for workers. On the other hand, there is a positive value from waiting and postponing the entry. This value is attributed to the positive return from schooling as a higher level of schooling is associated with a higher expected future income. To model the labour income I follow a standard Mincer approach and assume that the wage is increasing in the education of the worker and the matchspecific productivity draw. Then it is possible to show that the optimal schooling decision is characterized by the reservation productivity rule saying that students should accept any job with a productivity above the reservation threshold and reject any other job. This reservation productivity is a key variable in the model.
The first result of the paper is to show that the reservation productivity is a monotonic function of time. Specifically, the reservation productivity is increasing over time if the academic market is sufficiently attractive and decreasing otherwise. The academic market includes positions in the field of research and teaching and is an alternative to the standard labour market for individuals with a maximum level of schooling. As individuals acquire more education and approach the maximum level such as the PhD the possibility to enter the academic market becomes nearer and influences the decision to enter the traditional labour market. If the academic alternative is sufficiently valuable then individuals become more choosy over time and are more likely to reject a job offer in the standard labour market. This trend is reversed and workers are more likely to accept a job if the perspective to be in the academic market is not valuable to workers. In this latter case the reservation wage is not necessarily a monotonic function of time since a lower reservation productivity counteracts with a positive return to schooling.
Second, this paper compares schooling decisions between a rigid labour market in a recession and a flexible labour market in the periods of expansion. The two regimes are distinguished by differences in the probability of finding a job, which also means that the amount of job-to-job transitions is significantly larger in expansions. This assumption is confirmed on the empirical level, for example, Shimer (2012) shows that the job finding rate accounts for three-quarters of the fluctuations in the unemployment rate in the United States. Moreover, Nagypal (2008) reports that the intensity of job-to-job transitions is procyclical falling by 5 − 10% with every percentage increase in the unemployment rate. Based on this evidence the job-to-job mobility of workers is normalised to zero in the recession.
The model predicts that the reservation productivity of students is higher in a labour market without on-the-job search. This is intuitive since students are more choosy and wait longer if the labour market is rigid. Thus in recessions individuals remain longer in the education system, alternatively economic expansions can be associated with an accelerated exit of students from the education system. So this paper points to the problem that the early entry of students into the labour market may serve as an amplifying device in a subsequent recession. One particular example of this mechanism is a labour market in Spain. For example, Aparicio (2010) finds that a one percentage point increase in construction activities in Spain raised the probability of high school dropout by 1.74%. Similar evidence is also reported in Rees and Mocan (1997) and Petrongolo and San Segundo (2002) .
Next, this paper shows that on-the-job search may change the trend in the reservation productivity. For example, for the same value in the academic market the reservation productivity can be increasing in a rigid labour market while it is decreasing in a labour market with on-thejob search. This is due to the fact that the relative value from an academic job is lower in a more flexible labour market. Moreover, the trend in the reservation productivity is driving the sign of the equilibrium correlation between the productivity of the job and the acquired schooling of the worker. Specifically, the model predicts a positive sorting of more educated workers to more productive jobs in developed countries where academic jobs are adequately remunerated.
Sorting on observable characteristics is supported by the data, for example, Oi and Idson (1999) , Troske (1999) and Abowd et. al. (2004) report a positive sorting of high skill workers into larger more productive firms.
Further, this paper considers the impact of an endogenous schooling decision on equilibrium outcomes in a labour market with search frictions. Since matching is random between workers and firms some workers exit the education system earlier than other workers. Therefore in the equilibrium workers are heterogeneous with respect to the level of schooling. Moreover, the equilibrium schooling density is downward-sloping, that is the proportion of students is decreasing with a higher level of schooling. So there are less workers with a doctoral degree than those graduating from a high school. In this setting comparing the economies with and without on-the-job search reveals that the average schooling is lower in the economy with on-the-job search since the schooling density is steeper. This finding may be called a schooling puzzle as a greater flexibility in the labour market is not necessarily associated with more schooling.
Finally, this paper characterizes the equilibrium wage distribution in a resulting labour market with heterogeneous workers and firms. When calibrated to the US economy, the equilibrium wage density is hump-shaped with a unique interior mode on the distribution support. It is also right-skewed in accordance with the empirical evidence of the US Bureau of Labor Statistics presented in figure 1. The earnings histogram reveals that the median of the distribution is lower than the average earnings ($43 thousands) and the distribution is positively skewed.
These empirical fact is captured by the theoretical model even though the underlying productivity distribution is symmetric. Indeed the majority of workers in the economy have a low level of education. However these workers change jobs and move up the productivity ladder, therefore most workers earn wages in the middle range of the earnings distribution. At the same time there is a small proportion of employees in the beginning of their career with wages in the left tail of the earnings distribution and a small proportion of high-skilled workers earning wages in the right tail of the distribution. To sum up, the long right tail of the schooling density is translated into the equilibrium earnings density and therefore the model does not require unrealistically long right tails for the underlying productivity distribution (see Mortensen (2003) ). Again comparing the two types of economies reveals that the equilibrium wage distribution without on-the-job search first-order stochastically dominates the corresponding distribution with on-the-job search: the variance is similar while the average wage is lower with on-thejob search. This is explained by the fact that the average schooling is lower with job-to-job transitions while the average productivity is principally unaffected.
Related literature on optimal schooling under uncertainty can be generally divided into two research directions. First, Williams (1979) suggests to model education as a risky investment and follows a portfolio approach. The focus of his paper is on the optimal allocation of time invested in education over the life cycle of the worker. This paper proves the optimal separation between allocations to education and investments in risky assets and justifies the separate treatments of education and risky assets in labor economics and finance. The approach of Williams (1979) is extended by Hanchane et al. (2006) . In this paper the authors introduce a positive correlation between the process of human capital accumulation and the value of education in the labour market which can be interpreted as an ability bias. This correlation leads them to the conclusion that a higher wage risk has a positive effect on the investment in human capital. This is in contrast to the original finding of Williams (1979) , Eaton and Rosen (1980) and even earlier by Levhari and Weiss (1974) in a two-period model.
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The second approach was originated by the contribution of Hogan and Walker (2007) who were the first to apply the theory of real options to the human capital investment decision. The main idea of this approach is to separate the two components of human capital: the formal education and the experience. The formal education is then modeled as an irreversible decision so the study by Hogan and Walker (2007) is most closely related to the present paper. However, there are a number of significant deviations. First, this paper recognizes that job offers and therefore the possibilities to enter the labour market are rare events, so the process of job arrivals is modeled by means of a Poisson process. Second, there is a maximum duration of schooling in the present study such as the doctoral degree. This modification is not only a realistic feature of the education system, but it also generates the dynamics of the reservation productivity and wage which is absent in the original study by Hogan and Walker (2007) .
Next, the growth rate of income is not a constant in the present study, rather workers continue searching on-the-job and the growth rate of their income is stochastic. Similar to the present study Bilkic et al. (2012) also relax the assumption of a constant growth rate and assume that the individual income dynamics is described by the geometric Brownian motion. As a result in their model the entry threshold is necessarily increasing over time, that is, the student wants to be compensated for the additional education period and costs by a higher entry-level income.
In the present study the reason for the dynamics of the entry threshold is principally different, it is the remaining time to the maximum duration of schooling which makes students more/less choosy over time depending on the situation in the academic market.
Finally, the most important difference of the present study and the models of Hogan and
Walker (2007) and Bilkic et al. (2012) is a labour market perspective of the analysis rather than a problem of a single agent. In this respect the paper can be viewed as an extension of a model by Burdett and Mortensen (1998) to the population of workers with heterogeneous skills. In the field of search and matching theory the study which is closest to the present one is a recent paper by Burdett et al. (2011) . Human capital in their model takes the form of a general experience of the worker and is accumulated over time (learning-by-doing). Similar to the present study their model can replicate the hump-shaped distribution of wages with a "fat" right tail. However, skill heterogeneity is exogenous in their model. Similar search models with learning-by-doing include Bagger et. al (2011) and Yamaguchi (2010) .
Other studies on the education choice under uncertainty include Altonji (1991) , Groot and Oosterbeek (1992) and Jacobs (2007). Altonji (1991) considers the risk for the student of not being able to complete the education program, so his model can explain the endogenous drop-out rate from the college. This realistic feature of the model is also included in the present study. Groot and Oosterbeek (1992) analyze the effect of the unemployment risk for the optimal level of schooling. Their model can replicate the fact that unemployment is a decreasing function of schooling. Finally Jacobs (2007) investigates the option for the young individual to start education or postpone it to the later period of time. The focus of his paper is primarily on the effect of taxation on schooling.
The plan of the paper is as follows. Section 2 explains notation and the general economic environment. Section 3 presents the problem of optimal stopping and gives a full characterization of the individual decision to enter the labour market. Section 4 describes the properties of the labour market when workers are heterogeneous with respect to their schooling level. Section 5 5 incorporates the risk of unemployment which allows me to calibrate the model to the US labor market. Section 6 concludes the paper.
Labour market modeling framework
The labour market is characterized by the following properties. Time is continuous and at every point in time n(0) new agents enter the education system forming a pool of students. Similarly ρ is a permanent exit rate of all agents into non-participation, so the total measure of participating agents in the economy is a constant. Students are ex-ante identical upon entry, the time horizon is infinite and the discount rate is r. The flow cost of a student is denoted by y, reflecting the costs of accommodation and tuition fees. At the same time the flow income of a student is denoted by z. This can be a scholarship or a flow salary from a student job. Variable T reflects the maximum duration of schooling. Students with a maximum level of schooling T enter the academic market with an exogenous present value of income V (T ) = a/(r + ρ). The academic market includes positions in research and teaching. This market is not explicitly modeled in the paper but it has an impact on the decision to exit the education system.
In the process of acquiring education students are randomly matched with firms and obtain job offers at the Poisson arrival rate λ. If the job offer is accepted the student enters the pool of employees with an acquired level of schooling. This decision is irreversible. Once matched with a firm students learn the match-specific productivity p ∈ [0..p], which is a random draw from an exogenous productivity distribution F (p). From the perspective of the worker this distribution reflects uncertainty about the type of employer (firm fixed effect) and the quality of the match.
Employees are paid the flow wage w such that ln(w) = ln(p) + βs. This is a standard Mincer wage equation where p is a match-specific productivity and s is the acquired level of schooling.
Variable β denotes the return to schooling. Intuitively, this equation implies that wages are increasing in the worker fixed effect s, the firm fixed effect ψ and the random search component ε, where the latter two effects are jointly denoted by p = ψε. The firm fixed effect, for example, can be interepreted as a size of the employer. There is strong empirical evidence that larger firms pay higher wages after controling for the observed worker characteristics, see Oi and Idson (1999) and Troske (1999) . Employed workers continue searching on-the-job and are randomly matched with new employers at rate λ e .
Finally, in sections 3 and 4 the risk of becoming unemployed is not considered to simplify the representation. Nevertheless, unemployment is included into the model in section 5 to make the framework more realistic. This extended model is then calibrated to match parameters in the US labour market, however it should be noted that the state of unemployment does not change the qualitative predictions of the model.
Bellman equations and optimal stopping
This section considers the present values of students and workers in the economy. Let V (t)
denote the expected present value of future income of a student at time t, which means that the accumulated level of schooling of this student is equal to t. Similarly, denote W (t, p) -the expected present value of a worker employed in a job with a match-specific productivity p and 6 schooling t. The Bellman equation for V (t) is given by (for the derivation see Appendix I):
The first term in this equation denotes the present value of the net student income z − y over the remaining period of time T −t. The second term is the option value of waiting and postponing the entry into the labour market. Here the gain from waiting is twofold. On the one hand, students can wait for more productive jobs in the future, and on the other hand, waiting directly leads to a higher level of schooling. Both of these factors imply a higher expected future wage w = pe βt .
Next denote k = r + ρ and let s be the moment of time when the student enters the labour market. Therefore s is the acquired level of schooling which remains constant after the market entry. Bellman equation for W (s, p) is given by:
These equation shows that workers employed with a productivity p accept job offers from new employers only if their productivity level exceeds p. Next, differentiate W (s, p) with respect to
. So the present value of employment is separable in productivity and schooling: W (s, p) = Ω(p)e βs where the auxiliary variable Ω(p) is given by:
Note that W (s, p) is increasing in both arguments. In addition, in the absence of on-thejob search (when λ e =0) variable W (s, p) is simplified to yield pe βs /k. This means that the transformed present value of employment is a steeper function of productivity in the absence of on-the-job search. This is explained by the fact that the option value of waiting for better paid jobs falls with a higher p. Further consider the decision of students to quit schooling, which is an irreversible decision. Building upon the separation result from above insert W (s, p) = Ω(p)e βs into the present value equation for V (t) and consider the simplified case z = y, which means that the costs and expenses from schooling (tuition fees) are fully covered by the student scholarship:
Denote φ(t) = V (t)e −βt , so thatφ(t) =V (t)e −βt −βφ(t). In addition, let p r (t) be the reservation productivity of students which is defined as Ω(p r (t)) = φ(t). Intuitively, at the productivity p r (t) the student is indifferent between accepting the job and obtaining the present value Ω(p r (t))e βt or rejecting the job and continuing education yielding the present value V (t). Bellman equation for the auxiliary variable φ(t) reads as:
First, consider the case when the reservation productivity is constant over time so thatφ(t) = 0
and Ω(p r ) = φ. This is a special case which applies if and only if p r = p r (T ) where the end-point productivity p r (T ) can be obtained from the present value expression in the academic market:
For job offers with p > p r (T ) students with a maximum level of education T prefer to work in a standard labour market. On the contrary, if the market job offer is p < p r (T ) these students pursue a career in research and teaching. Further observe that the benchmark productivity p r indicates the pivot point in the dynamics of p r (t) and is implicitly given by the following equation:
which is equivalent to (k − β)λ e < kλ. In the following assume that this condition is satisfied.
Also note that a higher return to schooling β shifts the left-hand side of equation (4) downwards which has a positive effect on the benchmark productivity p r . Therefore the duration of schooling is generally increased and students remain longer in the education system if β is higher.
Next, recall that a denotes the fixed flow income after the maximum level of schooling is achieved (academic career), so that V (T ) = a/k and Ω(p r (T )) = ae −βT /k which yields the end-point boundary p r (T ). This means that the optimal student reservation productivity p r (t)
is constant and coincides with p r if and only if the flow income in the academic market is equal to a r ≡ kΩ(p r )e βT . Otherwise p r (t) is given by the following differential equation 4 :
The discretized form of the differential equation (3.5) is illustrated in figure 2 . The corresponding curve forṗ r (t) is cutting the 45-degree line at the stationary point p r . Therefore if the end-point p r (T ) is situated above p r then the reservation productivity function p r (t) will be increasing over time with a starting point p r (0) situated above p r . Otherwise it will be decreasing, hence it follows that p r (t) is a monotonic function of time. Solution of the differential equation (3.5) is implicitly given by the following function:
where the constant term C = p r (0) can be found by inserting t = T . This is the initial condition for the differential equation (3.5), hence the optimal student reservation productivity p r (t) can be obtained for every t. Its properties are described in proposition 1.
Proposition 1: The student reservation productivity p r (t) is increasing for every t < T and p r < p r (t) < p r (T ) if a > a r = kΩ(p r )e βT . Otherwise p r > p r (t) > p r (T ) and p r (t) is decreasing for every t < T . The student reservation wage w r (t) = p r (t)e βt is an increasing function of t iḟ p r (t) ≥ 0. Proof : Appendix II.
Figure 2: Dynamics of the student reservation productivity As can be seen from proposition 1, the reservation productivity of students is increasing over time if the academic market is sufficiently attractive, i.e. a > a r . When students enter the education system, future income V (T ) is heavily discounted over the maximum schooling time T and is multiplied by the probability of not entering the labour market. So the reservation productivity is low initially but than rises as the valuable future perspective to enter the academic market comes nearer and becomes more likely. This effect is reversed if the academic perspective is not attractive, i.e. a < a r . Further, consider the role of on-the-job search. In particular, there is a question whether efficiency of on-the-job search can reverse dynamics of the reservation productivity. Proposition 2 is summarizing the result.
Proposition 2: Let p r and p 0 denote the benchmark productivities with and without onthe-job search respectively. In addition, let a r = kΩ(p r , λ e )e βT and a 0 = kΩ(p 0 , 0)e βT be the corresponding flow incomes in the academic market. Then p 0 > p r but a 0 < a r . This means there exists an interval of flow values a ∈ (a 0 , a r ) such that the reservation productivity of students is decreasing in the economy with on-the-job search but it is increasing in the economy without on-the-job search:ṗ r (t) < 0,ṗ 0 (t) > 0. Proof : Appendix III.
Note that economy without on-the-job search can be characterized by considering the implications of a lower job-finding rate λ e (with a corner case λ e = 0). If λ e falls there is a twofold effect on the transformed present value of employment Ω(p r , λ e ). First, from equation (3.2) it immediately follows that employed workers are worse off if the probability of finding a better paid job is reduced. This is a negative effect. On the other hand, a lower job-finding rate λ e makes students more choosy, so the benchmark reservation productivity p r is increased. This is due to the fact that the option of waiting for better paid jobs becomes more valuable as the probability of meeting new employers on-the-job is reduced. Proposition 2 shows that the first effect is dominating and a lower λ e has a negative effect on Ω(p r , λ e ), so the benchmark value a 0 = kΩ(p 0 , 0)e βT in the economy without on-the-job search is lower than a r . Intuitively, the present value of income is higher in the economy with on-the-job search. Therefore, the intermediate values of a in the range (a 0 , a r ) are estimated as "relatively low" by students, so their reservation productivity is falling over time in the economy with on-the-job search. This is different when the option to search on-the-job is not available and the intermediate values of a are estimated as "relatively high".
Special case: uniform productivity distribution
This section investigates the model with a uniform productivity distribution F (p) = p, p ∈ [0, 1] so the maximum match-specific productivity is normalized to 1. From the perspective of students this distribution is associated with strong uncertainty about the future job as high and low productivity jobs are equally likely to be drawn. With on-the-job search the benchmark productivity p r is implicitly given by (see Appendix IV):
The benchmark threshold p r for entering the labour market is obtained at the intersection between the upward-sloping curve (k − β)Ω(p r ) and the downward-sloping curve Φ(p r ). Recall from the previous subsection that λ e (k − β) < λk and therefore both multipliers in the above equation are less than 1. So there exists a unique p r ∈ [0..1]. Next consider an economy without on-the-job search. The transformed present value of employment is then linear in the productivity of the job: Ω(p) = p/k and the option value of waiting is a quadratic function Φ(p 0 ) = 0.5λ(1 − p 0 ) 2 /k. Therefore the benchmark productivity p 0 is equal to the lower root of
Denote the second root of this polynomial by p 1 > 1. Clearly, a higher return to schooling β leads to higher benchmark reservation productivities p r and p 0 . This means that a higher β may reverse dynamics of the reservation curves p 0 (t) and p r (t) from increasing to decreasing over time. Intuitively, if the return to schooling is low a large fraction of students exits the education system in the beginning of their studies if the reservation productivity curve is positively sloped.
In this case a higher value of β may change the slope of the reservation curve and reduce the proportion of students exiting the education system with a low level of schooling. Consequently, a higher value of β leads to a higher average level of schooling in the population.
In the absence of on-the-job search the reservation function p 0 (t) is explicitly given by: First, at every point in time the reservation productivity of students in the economy with onthe-job search is lower compared to the economy without on-the-job search. This means that students are less choosy about job offers if there is a possibility to quit jobs for better paid ones. Second, in line with a theoretical prediction the reservation curve p 0 (t) is upward-sloping for the terminal wages a 0 < a < a r while the curve p r (t) is downward-sloping in this range.
So students become more choosy about job offers over time in the economy without on-the-job search while the reverse applies in the economy with on-the-job search. Moreover, the variation of reservation productivities with a is stronger in the economy with on-the-job search. In fact the reservation productivity curves are steeper over time the higher the intensity of on-the-job search λ e . To see this consider the maximum level of schooling s = T with the corresponding reservation productivity p r (T ). The change in p r (T ) given a higher terminal wage a is given by:
Therefore, a higher on-the-job search intensity λ e makes the terminal reservation productivity p r (T ) more sensitive to changes in the academic wage a. Moreover this initial effect is further reinforced by a lower level of p r (T ). This higher variation in the terminal reservation productivity is then translated into the whole curve p r (t) making it steeper over time. Finally, note that the reservation wage w r (t) = p r (t)e βt is not necessarily a monotonic function of time. This is illustrated on the right panel of figure 3 . For a = a 0 the reservation wage in the economy with on-the-job search has an internal maximum at t = 14 semesters. This is explained by the fact that the reservation productivity curve is flatter for low levels of schooling since the terminal 11 wage in the academic market is heavily discounted over the remaining period of time. So the positive effect of higher schooling on the reservation wage is dominating. In contrast when the remaining schooling time T − t is low the slope of p r (t) is changing faster so the negative effect of a lower reservation productivity is dominating at high levels of schooling.
Aggregate variables
This section deals with the equilibrium distributions of schooling, productivities and wages.
Every student optimally exits the education system upon receiving a job offer with a productivity p > p r (t), an event which happens at rate ρ + λ(1 − F (p r (t))). As a result workers in the labour market are endogenously heterogeneous with respect to the accomplished education level s. Let n(s) denote the total measure of students with a schooling level s:
where n(0) is the total inflow of students into the education system per unit time. From the above differential equation, the total measure of students n(s) is given by:
Denote g(s) -the probability density function of schooling types, so that g(s) = n(s)/n, where n is a total measure of students in the economy: n = T 0 n(t)dt. From equation (4.7) it follows that g(s) is a decreasing function of s, that is the proportion of students is decreasing with a higher level of schooling. So there are less students pursuing a PhD degree than those graduating from a high school. Further, let E(p|s) be the total measure of workers employed with a productivity below or equal to p and a fixed schooling level s. Students n(s) enter the group E(p|s) at rate λ(F (p) − F (p r (s))), which is their primary employment. In addition, employed workers may retire at rate ρ or quit the job for a better paid one at rate λ e (1 − F (p)), this means:
Let E(s) ≡ E(p|s) denote the total measure of employees with a schooling level s and E ≡ T 0 E(s)ds -the total employment in the labour market. In the stationary equilibrium the inflow of workers into the group E(p|s) should be equal to the outflow of workers from this group, so thatĖ(p|s) = 0. This condition should also hold for the aggregate employmentĖ = 0, so that
ds, where the right-hand side is an average student job-finding rate multiplied by the total number of students n. Intuitively, a higher job arrival rate λ, a higher number of students n, and a higher average job acceptance rate contribute to the higher stock of employment E. Differentiating E(p|s) with respect to p yields the joint probability density function q(p, s) = h(p|s) · k(s), where h(p|s) = [∂E(p|s)/∂p]/E(s) and k(s) = E(s)/E:
The first multiplier in this equation h(p|s) is a productivity density function in the population of workers with s years of schooling. To simplify the analysis consider a hypothetical case p r (s) = 0 ∀s, which means that the support of the distribution remains unchanged in the equilibrium [0,p] . The productivity density function is then given by ρf (p)(ρ + λ e )/(ρ + λ e (1 − F (p))) 2 in the economy with on-the-job search and f (p) otherwise. On-the-job search allows workers to climb a wage and productivity ladder, so in the equilibrium there are disproportionately less workers employed at low productivities h(0) = ρf (0)/(ρ + λ e ) < f (0) and disproportionately more workers employed at high productivities h(p) = f (p)(ρ + λ e )/ρ > f (p). Therefore, on-thejob search has a positive primary effect on the average productivity of workers if the distribution support remains unchanged. Next, consider a more general case when p r (s) > 0 and recall from section 3 that the reservation productivity is higher in the economy without on-the-job search. If workers anticipate a possibility to change jobs in the future the range of accepted productivity values is enlarged. This is a negative secondary effect of on-the-job search on the average productivity. To conclude this part, a more flexible labour market does not necessarily lead to a higher average productivity for comparable workers (with the same schooling s). into larger firms. Specifically, these studies show that larger more producive firms pay higher wages. Moreover, this wage premium is reduced but not eliminated by the positive sorting of workers. This means that sorting of more educated workers to larger firms explains a part of the firm size premium, but it still exists after controlling for the observable worker characteristics.
The second multiplier k(s) in the equation for q(p, s) is an equilibrium density function of schooling types in the population of workers. If the academic market is sufficiently attractive and the reservation productivity p r (s) is increasing over time, then the student job acceptance rate (1 − F (p r (s)) is above the average for low values of schooling and it is below the average for higher levels of schooling. Consequently, there are disproportionately more employees with low schooling than students (i.e k(0) > g(0) and k(T ) < g(T )). The opposite holds when the reservation productivity is decreasing over time, in addition k(s) = g(s) ∀s if the reservation productivity is constant.
Finally, an equilibrium distribution of earnings Q(w) can be obtained by integrating the joint density q(s, p) over productivity and schooling: Q(w) = P {pe βs < w}. Note that individual wages are increasing in schooling s and the match-specific productivity p. If in addition the reservation productivity p r (t) is increasing over time then the lowest wage in the economy is equal to p r (0). This wage is paid to unskilled workers with zero voluntary schooling employed in jobs with a lowest productivity. In contrast, the highest wage in the economy ispe βT , which is paid to workers with a highest level of schooling T employed in most productive jobs.
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The equilibrium distribution of wages is then given by:
Function Q(w) satisfies the standard properties, since Q 1 (p r (0)) = 0, Q 1 (p) = Q 2 (p) and Q 2 (pe βT ) = 1. However, the earnings density is discontinuous at the point w =p. The following section shows that the point w =p delivers an internal maximum of the equilibrium earnings distribution, so the respective density function is hump-shaped with a unique internal mode on the distribution support.
Special case: uniform productivity distribution
This section continues analysis of the labour market with a uniform productivity distribution.
For the special case when the reservation productivity is a constant, the schooling density coincides with the truncated exponential distribution: Figure 4 illustrates probability density functions of schooling types in the pool of students. These density functions are presented for the three respective scenarios: a = [a r − ∆a, a r , a r + ∆a]
with and without on-the-job search. All density functions are decreasing which implies that the proportion of students is decreasing in s. Let g 0 (s) denote the corresponding schooling density in the economy without on-the-job search. For the case of the uniform productivity distribution this function can be obtained explicitly as (see Appendix IV):
If the reservation productivity p 0 (t) is constant over time, it holds that C 0 = p 0 , so the above density function simplifies to yield g 0 (s) = n(0)e −(ρ+λ(1−p 0 ))s /n.
As mentioned in the introduction changes in the job-finding rate λ e can be viewed as a proxy for the phase of the business cycle. Empirical evidence suggests that recessions are strongly associated with a lower job-finding rate (see Shimer (2012)) and a lower intensity of job-to-job transitions (see Nagypal (2008)). Therefore in the following the periods of expansion will be associated with λ e > 0 corresponding to the labour market with on-the-job search. In contrast, in recessions λ e is normalized to zero corresponding to the economy without on-the-job search.
Next consider respective proportions of unskilled workers (g(0)) in both economies, which can be obtained as g(0) = n(0)/n. If the entry of workers n(0) is the same, then differences in the proportions of unskilled workers are solely attributed to differences in the total numbers of students n. Therefore, comparing the numbers of students reveals the following: so the total number of students is lower in the economy with on-the-job search due to the lower reservation productivity curve
Consequently, the model predicts that on-the-job search improves the outside opportunities of workers and unambiguously leads to a lower number of students n and a higher proportion of unskilled workers g(0). In addition, this finding implies that the schooling density function is steeper in the economy with on-thejob search and the average level of schooling is lower. These predictions are confirmed in the numerical example. For the benchmark case a = a r = 1.92 the total numbers of students are given by 7.97n(0) and 11.73n(0) with and without on-the-job search respectively. Similarly, the average levels of schooling are equal to 7.0 and 8.9 semesters in the two economies. Next I compare this result with the observed empirical evidence. For the United States Rees and Mocan (1997) find that a one percentage point increase of the unemployment rate in a recession reduces the dropout rate by about 2%. Similarly, for Spain Aparicio (2010) finds that a one percentage point increase in construction activities in Spain before the recent financial crisis raised the probability of high school dropout by 1.74%. The model is compatible with this evidence by predicting that students study longer on average if the labour market is more rigid 5 .
Changes in the attractiveness of the academic market a are also illustrated on figure 4. Here both models predict that a higher income in the academic market raises students' reservation productivities and keeps more students in the education system. This leads to flattening of the schooling density functions, so the average duration of schooling is unambiguously increased. For example, in the model without on-the-job search the average schooling is raised to 9.2 semesters when a is increased to 2.08, while it falls down to only 8.6 semesters when a is reduced to 1.76.
Next consider the equilibrium productivity distributions h(p|s) conditional on the level of schooling. These are illustrated in figure 5 where the chosen schooling levels are equal to s = 0 (the left panel) and s = 24 (the right panel). Note that the productivity distributions are presented for the scenario when the academic market is sufficiently attractive, i.e a = a r + ∆a = 2.08. Without on-the-job search the productivity density h(p|s) is reduced to f (p)/ (1−F (p r (s)) ).
This means that the equilibrium productivity function is uniform truncated at the point p r (s).
For the chosen scenario this reservation productivity is increasing over time, so the range of acceptable job offers is shrinking with higher schooling. For example p 0 (0) = 0.75 for students with s = 0 and p 0 (T ) = 0.85 for most educated students. The fact that the distribution support is narrowing implies a positive correlation between productivity and schooling as more educated workers are sorted into more productive jobs. In the economy without on-the-job search the correlation coefficient 6 between variables p and s is equal to 0.17. Figure 5 : Conditional productivity density functions h(p|s), a=2.08.
In the economy with a uniform distribution and on-the-job search the productivity density function h(p|s) is increasing in p. This is because less (more) productive jobs are less (more) stable in the equilibrium. For the above mentioned scenario, when a = 2.08, the lowest acceptable productivity of unskilled workers is p r (0) = 0.50 while the lowest productivity of the most educated workers is p r (T ) = 0.72. The correlation coefficient in the economy with on-the-job search is also positive as more educated workers select themselves into more productive jobs, nevertheless the correlation can be expected to be weaker as low productivity jobs are not longlasting and constitute only a small proportion of the overall employment. In accordance with this reasoning the correlation coefficient 7 between p and s in the economy with on-the-job search is equal to 0.06.
The first part of this section explains a twofold effect of on-the-job search on the average productivity of workers. First, there is a primary positive effect as changing jobs allows workers to climb a productivity ladder. However, there is also a negative countereffect as students initially accept jobs with lower productivity. In the numerical example it turns out that the two effects are mutually neutralizing each other and the average productivity remains virtually unchanged (0.88 vs. 0.91 for s = 0 and 0.92 vs. 0.93 for s = T ).
6 The correlation coefficient is obtained as (µs = 8.44, µp = 0.89, σs = 6.33, σp = 0.07):
The corresponding moments are: µs = 6.52, µp = 0.88, σs = 5.88 and σp = 0.11
16 Figure 6 illustrates two joint probability density functions q(s, p) and q 0 (s, p) for the benchmark scenario a = a r = 1.92. The two bivariate density functions are given by:
with and without on-the-job search respectively. For a given productivity p both density functions are decreasing in s, which means that the proportion of employees with an above average schooling is lower than the proportion of employees with a below average schooling. The situation is different when the schooling level is fixed. The joint density q(s, p) is then increasing with a higher productivity p in the model with on-the-job search but it remains constant without it. A combination of these effects implies that low wages are paid to workers with low productivity and low schooling. However, for the case with on-the-job search figure 6 shows that the proportion of such jobs is relatively low. Similarly, there is a small proportion of workers employed at highest wages. Indeed, above average wages are paid to high-skilled workers employed in most productive jobs. In contrast, most workers in the economy are employed at moderate wages resulting from a combination of low schooling and reasonable match quality. In fact the mode of the distribution in the economy with on-the-job search is a point p =p = 1 and s = 0 with a corresponding wage w =p = 1. This explains why the equilibrium earnings distribution is pick-shaped with a unique interior mode on the distribution support (figure 7).
This shape of the distribution is well-known in the empirical literature (Neal and Rosen (2000)). anticipated in the beginning of this section. Indeed, the average productivity of workers in the two economies is principally unchanged but the average schooling level is lower when the labour market is more flexible (8.9 vs. 7.0). These differences are translated into wages. In particular, the average wage is 1.16 in the economy with on-the-job search and it is 1.24 in the alternative economy. Therefore an early exit from the education system when the labour market is flexible may be associated with a severe wage penalty in the future.
Extension and calibration
This section extends the model and includes an additional state of unemployment. This extended model is then calibrated to match the standard values of the US labour market. In particular the model is extended in the following way. At every point in time students may fail to proceed to the next level in their education. The shock of exam failure arrives with a Poisson arrival rate γ. As an outcome of this shock the student enters the pool of unemployed workers and starts searching for a job. Intuitively, the γ-outflow of students from the education system is a proxy for the involuntary dropouts. The flow value of leasure when unemployed is denoted by b and the flow cost of active search is denoted by σ. Note that neither students nor employees search for jobs as a primary daily activity and so the cost of their search is assumed to be zero. Equation (3.1) is then modified as follows (for z = y):
where U (t) is a present discounted value of unemployment with a schooling level t. The values of employment W (s, p) and unemployment U (s) are given by the following Bellman equations:
where δ denotes the job destruction rate. Similar to the case of students let b = σ, this means that the flow utility of students and unemployed workers is normalized to zero. Unemployed workers follow the cutoff strategy such that W (s, p u ) = U (s), which means that unemployed workers with schooling s accept the job if the match-specific productivity is above p u and reject the job otherwise. The reservation productivity p u is implicitly given by:
and is independent of the schooling achievement s. This equation is due to the seminal contribution by Burdett and Mortensen (1998) and implies a positive relationship between the job-finding rate λ u and the reservation productivity of unemployed workers.
Next consider the flows of workers in and out of the unemployment. Let u(s) denote the measure of unemployed workers with a schooling level s. The differential equations for u(s) and n(s) are given by:
where the first term γn(s) is an inflow of students unsuccessful in acquiring education, the second term δE(s) is an inflow of workers losing jobs, while the last two terms together form an outflow from unemployment into employment and out of the labour force. Finally, appendix V shows that even with unemployment the reservation productivity of students p r (s) is a monotonic function of time. Fix some particular level of schooling s, then either p r (s) ≥ p u or p r (s) < p u . Consider the former case, then the inflow of new hires from unemployment into E(p|s) is equal
and there is an additional inflow of students λ(F (p) − F (p r (s)))n(s) for p r (s) < p ≤p. Therefore the total measure of workers employed in jobs with a productivity below or equal to p and schooling s is given by:
where the outflow in the denominator (ρ + δ + λ e (1 − F (p)))E(p|s) includes workers exiting the labour market, losing jobs or quiting voluntarily for more productive matches. Finally the joint probability density q(s, p) can be found as [∂E(p|s)/∂p]/E, this derivation is presented in appendix V. In the next section the model is calibrated to match the labour market in the US.
Calibration to the US labour market
Consider the model with unemployment and on-the-job search from the previous subsection. To match this model to the labour market indicators in the US let one period of time to be half a year (one semester). In addition let the maximum duration of schooling be equal to 12 years (T=24 semesters). This period includes the possibility to obtain a high school, bachelor, master and doctoral degrees. Further the annual interest rate is chosen to be 5% which means that r = 0.025. According to the US Bureau of Labor Statistics (BLS 2013), the total employment in May 2012 amounted to 130 million employees including 1 million high-school teachers, 1.5 million college teachers and 1.1 million scientists. So the total number of employees in research and teaching is equal to l = 3.6 million. In the steady state the inflow of workers into research and teaching n(T ) should be equal to the outflow ρl. To match parameters I consider the model with a constant reservation productivity of students p r , the hazard rate in education is then given by h ≡ ρ+γ +λ(1−F (p r )), so the total number of high-skill workers becomes n(T ) = n(0)·e −hT .
This yields the first calibration equation between parameters ρ, n(0) and h.
The total population in the model consists of employed and unemployed workers as well as students, where the total number of students is n(0)·(1−e −hT )/h. Targetting the unemployment rate of 6% which is a long-term average for the US gives rise to 8.3 = (130 · 0.06)/(1 − 0.06) million unemployed individuals. Then the total population size can be written as L = 138.3 + n(0) · (1 − e −hT )/h. Keeping the overall population at constant yields n(0) = ρL which is a second calibration equation between parameters ρ, n(0) and h. Next, according to the report of the National Center for Education Statistics (2011) the total number of high-school students in the US is about 16.4 million. In the model this number can be generated as n(0) · (1 − e −8h )/h since the high-school duration is 4 years (8 months). This gives the third calibration equation:
There is a unique solution vector to these equations {n(0) = 3.614, ρ = 0.022, h = 0.158}.
This implies that the total number of students in the model is 22.3 million, while the total population is 160.6 million including 126.4 million employees in the regular labour market, 3.6 million workers in teaching and research, 8.3 million unemployed individuals and 22.3 million students. Moreover, the dropout rate γ can now be expressed as
, where both variables λ and p r will be defined later in this section. 
Further assuming as before that the value of leasure is equal to the cost of active search (b = σ) 20 the reservation cutoffs of unemployed workers and students can be expressed as:
To avoid mass points in the earnings distribution λ is chosen so that p u = p r . Solving equations (5.9), (5.10) and p u = p r produces the following values of the parameters γ = 0.034, λ e = 0.341, λ = 0.181 as well as p r = p u = 0.434 (see table 1 ). These parameter choices imply λ u > λ e > λ.
This ordering is intuitive as searching for jobs is the primary activity of the unemployed compared to students and employees. At the same time, in reality employed workers are more experienced and have larger social networks than students so the rate of job arrivals to students is the lowest.
In addition, note that the ρ + λ u (1 − p u ) = 0.51 so the average unemployment duration is equal The final wage density and the cdf in the labour market with endogenous schooling, on-thejob search and unemployment are illustrated in figure 8 . In addition, some selected statistics of this distribution are presented in table 2. The skewness 8 of the distribution is equal to 1.49, so the density function is skewed to the right. Also the median value (1.04) is lower than the average (1.09) which means that more than 50% of the employees are employed at wages below the average. Note that the unimodal shape of the distribution with a positive skewness is purely attributed to the endogenous factors of the model since the underlying uniform productivity distribution is symmetric. On-the-one hand the schooling density is downward-slopping as less and less workers achieve the higher levels of schooling and on the other hand at every level of schooling workers are moving upwards to more productive jobs. To see this consider two simplifications of the model. First, let jobs be homogeneous with a unique productivity value p which eliminates the gain from searching on-the-job. The pdf of the wage distribution is then:
q(w) = g( which is a strictly decreasing function of w. The first reason for the negative slope here is a decreasing density of the schooling distribution g(s) and the second reason is that the wage is a convex function of schooling w = pe βs for a fixed productivity p. Table 2 : Selected statistics Second, let workers be homogeneous with a unique schooling level s. The wage density is:
q(w) = e −βs h(we −βs ) = ρe −βs (ρ + λ e (1 − p u )) (1 − p u )(ρ + λ e (1 − we −βs )) and is a stricly increasing function of w since workers continue searching on-the-job. Thus heterogeneous workers and jobs are necessary to replicate the picked shape of the observed earnings distribution in the US (see figure 1) . Finally note that the shape of the earnings density is principally different from the underlying uniform productivity distribution and it is the primary purpose of this paper to show that endogenous decisions of agents can generate a realistic earnings distribution. Nevertheless, an even better statistical fit of the density can be achieved by calibrating the model with a Pareto distribution of productivities suggested by Mortensen (2003) . This will amplify the skewness and the range of earnings values.
Conclusions
This paper develops a search model of the labour market with on-the-job search, heterogeneous jobs and endogenous schooling. Exit of students from the education system is modeled as an irreversible decision under uncertainty. This decision is fully characterised by the reservation productivity which is a monotonic function of time. The reservation productivity is increasing over time if the academic market is a valuable alternative for high-skill workers. Intuitively, this means that students become more choosy over time as their schooling level is increasing.
In the equilibrium this implies a positive sorting of high skill workers into more productive jobs. This finding is compatible with the empirical evidence if the productivity index in the model is associated with a firm size. The model then implies that larger firms pay higher wages conditional on observed worker characteristics and employ a larger fraction of high skill workers.
Since the choice of schooling is made on the individual basis, the model predicts that workers are endogenously differentiated in the equilibrium with respect to the level of formal education.
The schooling density function is decreasing, so the proportion of workers is declining with a higher level of schooling. Intuitively, this means that there are less students pursuing a PhD degree than those graduating from a high school. Moreover, the average schooling level is lower in the economy with on-the-job search compared to the rigid labour market. Empirical evidence on the intensity of on-the-job search shows that job-to-job transitions are more intensive in the periods of expansions. Therefore the model predicts a higher dropout rate for students in a booming economy. This mechanism is compatible with a high dropout rate in Spain in the recent boom of the construction sector and a high subsequent unemployment of the youth.
Finally, this paper investigates the shape of the equilibrium earnings density with a uniform productivity distribution. This functional choice guarantees that the shape of the equilibrium earnings density is not driven by the underlying assumption on the distribution of job types. For a given fixed level of schooling the model predicts that the earnings density is increasing. This effect is purely attributed to the process of on-the-job search as employees continue searching and change jobs in the search of better payment. Combined with an endogenous decreasing density of schooling types the model can generate an equilibrium earnings distribution with a long right tail and a unique mode on the distribution support. This means that the majority of workers earn wages in the middle range of the earnings distribution. At the same time there is a small proportion of employees in the beginning of their career with low wages and a small proportion of high-skill workers earning wages in the right tail of the distribution. The positive skewness of the earnings density is supported by the empirical evidence.
